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Abstract

The greatest root statistic arises as the test statistic in several multivariate analysis settings.
Suppose there is a global null hypothesis Hy that consists of m different independent sub null
hypotheses, i.e., Hy = N}, Hy, and suppose the greatest root statistic is used as the test statis-
tic for each sub null hypothesis. Such problems may arise when conducting a batch MANOVA
or several batches of pairwise testing for equality of covariance matrices. Using the union-
intersection testing approach and by letting the problem dimension p — oo faster than m — oo
we show that Hg can be tested using a Gumbel distribution to the approximate the critical
values. Although the theoretical results are asymptotic, simulation studies indicate that the
approximations are very good even for small to moderate dimensions. The results are general
and can be applied in any setting where the greatest root statistic is used, not just for the two
methods we use for illustrative purposes.
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1. Introduction

Assuming the data generating process is multivariate Gaussian, the test statistics for hypotheses
testing using the union-intersection approach arising in several multivariate analysis techniques
is the largest eigenvalue of the multivariate beta distribution. More formally, suppose X is an
ny x p data matrix with each row being an independent copy of N,(0,¥) then A = XTX ~
W, (3,n1) has a p dimensional Wishart distribution with n; degrees of freedom. Let B ~
W, (3, n2) be another Wishart distribution with ny degrees of freedom independent of A with
the same scale matrix 3. If ny > p then A~! exists and the non-zero eigenvalues of the matrix
A~ B generalize the univariate F' statistic. The scale matrix has no effect on the distribution
of these eigenvalues and so without loss of generality we can set ¥ = I,. The distribution of
the random matrix (A + B)~!B is a generalization of the univariate beta distribution and is
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called the multivariate beta distribution or the Jacobi ensemble. The largest eigenvalue 6, (also
denoted by 0(p,n1,m2)) of (A + B)~!B is a random variable called the greatest root statistic
and since A is positive definite 0 < ¢, < 1. We can also obtain 6, as the largest root of the
determinantal equation

det[B —6(A+ B)] =0.

The greatest root statistic arises as the null hypothesis distribution for the union-intersection
test for several classical techniques such as MANOVA, test for equality of covariance matrices,
canonical correlations and so on (see Muirhead| (1982)).

We consider the following problem. Suppose there is a global null hypothesis Hy that consists
of m different independent sub null hypotheses, i.e., Hy = N Hox. Such hypotheses arise
when one is integrating data sets or assess effects across various treatment levels. Consider a
union-intersection type testing approach where the global null hypothesis is true if and only if
each of the component sub null hypothesis is true. In such a setting the global null hypothesis
would be rejected if the maximum of the test statistics arising from each sub null hypothesis
falls in the appropriate rejection region. In particular, suppose the test statistic from each
sub null hypothesis is the greatest root statistic, i.e., 0,1,0p2,...,0,,n where 6, for each
k=1,2,...,m is the greatest root statistic from the k" component sub null hypothesis. Then
the decision rule to reject the global null hypothesis Hy is, if the max{6p1,6p2,...,0pm} > ¢
for some appropriately chosen constant ¢c. We show that the maximum of an i.i.d. sequence of
the greatest root statistic falls in the Gumbel domain of attraction as m — oo and hence the
Gumbel distribution can be used to construct a test statistic to do inference for the global null
hypothesis. Our approximation relies on two levels of asymptotics. The matrix dimension of
each component multivariate beta distribution goes to infinity and also the number of sub null
hypotheses under consideration goes to infinity but we let the matrix dimension go to infinity
faster than the number of sub null hypotheses under consideration. In other words p — oo
faster than m — oo in the sense to be precise made in Section

Dumitriu and Koev| (2008) review the fact that the exact null distribution of the greatest
root statistic 6(p, n1,n2) is notoriously difficult to calculate. Deriving the exact distribution of
the largest eigenvalue relies on performing a complicated p — 1 dimensional integral with the
Vandermonde term in the integrand. |Constantine, (1963) showed that the marginal distribution
of the largest eigenvalue can be expressed in terms of a hypergeometric function with a matrix
argument. The cumulative distribution function of the greatest root statistic is

n — 1 1
Py < ) = Crpus oy (B, T2 LIS I T ), (11)

2 2 ’ 2

where
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and oF(+,-;-,xI) denotes the hypergeometric function with a matrix argument, which in this
case is considered to be the identity matrix. |Gupta and Richards| (1985) gave exact Pfaf-
fian expressions for hypergeometric functions with a matrix argument when the arguments are
multiples of the identity matrix and also showed that the c.d.f. of the greatest root statistic
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can be expressed as a Pfaffian of a skew symmetric matrix whose entries are double integrals.
Koev and Edelman (2006]) exploit the recursion relations of Jack functions to develop efficient
MATLAB implementations to evaluate the hypergeometric functions with a matrix argument.
More recently Butler and Paige (2011) provide computational implementations of the theo-
retical framework advanced by |Gupta and Richards (1985]). Butler and Paige| (2011) express
the double integrals of the Pfaffian in terms of series expansions that are computed using the
Maple software. There is an extensive literature on the algorithmic and computational aspects
of dealing with the hypergeometric functions with a matrix argument. An elegant treatment
on the topic can be found in |Dumitriu and Koev| (2008) and the references therein.

Moving away from the issue of computational techniques to evaluate the hypergeometric func-
tion with a matrix argument, in the remarkable paper of \Johnstone| (2008]), it was shown that
the greatest root statistic with suitable centering and scaling converges to the now ubiquitous
Tracy-Widom distribution Tracy and Widom (1994), [Tracy and Widom (1996). In particular,
Johnstone| (2008) showed that assuming p is even and that p,ni(p) and na(p) — oo together in
such a way that

lim DR P

p—oo M1 + N9 pP—00 N1
Then the logit transform 7, = logit(6,) = log(#,/1 —0,) is approximately distributed according
to the Tracy-Widom law, i.e.,
T _
p—Hp o) (1.2)
Op
where F] is the cdf of the Tracy-Widom distribution arising as a limiting distribution of the
largest eigenvalue of Gaussian orthogonal ensembles and p, and o, are centering and scaling
factors to make the asymptotics work. We focus on the asymptotics as opposed to exact eval-
uation of the greatest root statistic owing to the second order rate of convergence O(p‘z/ 3)
of the greatest root statistic to the Tracy-Widom law. As |Johnstone and Ma (2012) show,
this convergence rate can be guaranteed for appropriate centering and scaling factors and as
illustrated by [Johnstone, (2009) the Tracy-Widom approximation is fairly sharp even for small
values of p and works quite well for many applied data analysis questions.

The results are applicable in several multivariate analysis settings where the greatest root
statistic plays a role. In particular consider the following hypothesis testing framework to
conduct pairwise testing of equality of covariance matrices arising from a multivariate normal
sample. Let

Hoy : 311 = Y19, Hoz 1 Xo1 = Yag, ..., Hom 0 X1 = Xima.

Define the global hypothesis Hy as Hy = ﬂ;”zl Hy,. Let ngi,nio denote the sample sizes for
the k' hypothesis test for & = 1,2,...,m and let Sj1, Sy2 denote the covariance estimators for
the k' hypothesis test. Assuming that the underlying data generating process for each of the
m situations is a multivariate normal sample then under Hog, Sk ~ Wp(Eg, ng1) and Sga ~
Wy(Ek, nk2) independent of Sy where 3, is the common covariance matrix under Hoy. Thus
the test statistic for Hoy is 6k, which is the largest eigenvalue of (ng1Sk1 + nk2Ska) o Ska.
Then max{6p1,0p2,...,0,m} can be used to testHy. We will discuss this covariance testing



problem in more detail in Section

Our work is motivated to understand the bridge between two asymptotic regimes of extremes.
From classical extreme value theory we know that the maximum of an i.i.d. sequence of random
variables converges to one of three distributions depending on whether the random variables
are light-tailed, heavy-tailed or have a finite support. For light-tailed random variables it is
well known that the maximal domain of attraction is the Gumbel distribution and the Tracy-
Widom distribution appears as the limiting distribution of random matrices with light-tailed
ii.d. entries. This prompts us to study the asymptotic maximal behaviour of i.i.d. extremal
eigenvalues arising from a sequence of random matrices having light-tailed entries.

2. Tracy Widom Distribution

An important question of theoretical and practical interest is understanding the behavior of the
largest eigenvalue of various classes of random matrices. If we consider a diagonal matrix with
Gaussian entries then the largest eigenvalue of such a matrix would converge to the Gumbel
distribution as the matrix dimension goes to infinity. This is because the maximal domain of
attraction of the Gaussian distribution is the Gumbel distribution. However, when we consider
a symmetric matrix with each entry being a real valued Gaussian random variable or a sym-
metric Hermitian random matrix with each entry being a complex valued Gaussian random
variable then the largest eigenvalue converges to the Tracy-Widom distribution. It is indeed a
remarkable fact that this distribution arises as the limiting distribution of a large class of ran-
dom matrices and in fact the limit distribution of the largest eigenvalue has the Tracy-Widom
law even if the assumption of i.i.d. Gaussian entries of the random matrix are relaxed, see for
example [Soshnikov (2002)). However, as shown in Soshnikov (2006) when the matrix entries
are heavy-tailed, then the the joint distribution of the edge eigenvalues converge weakly to the
inhomogeneous Poisson random point process.

Let F; denote the cumulative distribution function (cdf) of the Tracy-Widom distribution
arising from the Gaussian orthogonal ensemble (GOE) and let Fy be the cdf of the Tracy-
Widom distribution arising from the Gaussian unitary ensemble (GUE) then from Tracy and
Widom (1994, |1996) we know that

o0

Fy(z) =exp | — /(y —2)q*(y)dy (2.1)
and
Fi(a) = (Rt e | =5 [awidy | (2.2)

xT

where ¢(x) is the solution of the classical Painlevé non-linear second order differential equation
¢'(@) = 2q(z) +2°@), ) ~ Ai(z) as w00 (2.3)

and Ai(z) denotes the Airy function. |Johnstone| (2001} [2008) demonstrated a universality
property by showing that the largest eigenvalues of the Wishart matrix and the multivariate



beta matrix both converge to the Tracy-Widom distribution, subject to some growth conditions
on the size of the design matrix. Narayanan and Wells| (2013) showed that the standardized
maximum of an i.i.d. sequence of random variables having the Tracy-Widom distribution arising
from the Gaussian unitary ensembles as in belongs to the Gumbel domain of attraction.
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Figure 1 — Simulated maximums of TW with Gumbel

If we take an i.i.d. sequence of random variables having the Tracy-Widom (TW) distribution
arising from the Gaussian orthogonal ensemble, as in, then the maximum of such a se-
quence asymptotically converges to the Gumbel distribution. (The authors discovered a crucial
typo in one of the references while proving this result). Figure @ shows a QQ plot of simu-
lated maximums of TW random variables and the standard Gumbel distribution based on 10000
samples and Figure [1][b] depicts a histogram of simulated maximums of TW random variables
overlaid with a standard Gumbel distribution. A Kolmogorov-Smirnov test to check equality
of normalized maximum of i.i.d. Tracy-Widom random variables with the Gumbel distribution
fails to reject the null hypothesis at a p-value of 0.4658.

3. Main Result

For every p > 1let 61 1(p, n1,n2), ..., 0m1(p, n1, n2) denote an i.i.d. sequence of largest eigen-
values obtained from an i.i.d. sequence of multivariate beta random matrices Ay 1,..., Ay, and
n1 > p. The meanings of n1 and ngy are as described in Section Let W), = logit <9k,1(Ap,k))

be their respective logit transformed largest eigenvalues. Denote by Fj the cumulative distri-
bution function of the Tracy-Widom distribution for the real case as in (2.2)), and define the
following normalization constants:

b= F (1= ). g = 1/(mEF (b)) (3.1)

m

Then from |Johnstone, (2008) we know that

T —
p,k I’Lp7n1p,n2p = Zl ~ Fl, (32)
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where

_ ¢pan1p:n2p 7p7n1p7n2p
Pop,napmap = 2log tan ( + ) ,

2 2
3 16/(n1p + ngp — 1)°

p,n1p,n2p - 2 : :
Sl (¢p,n1p7n2p + 'Yp,mpmzp) Sl ¢p7n1p,n2p S Yp.nip,nop

and

s 5 2max(p,nip) — 1 _s 2min(p,nip) — 1
= 2arcsin arcsin .
p,n1p,N2p \/’ nlp 4 n2p -1 ’ '710 Nip,N2p — \/’ nlp + n?p -1

Theorem 1. Let p,nip, nop, my — 00, with ni, > p, limpy_so min(p, n1p)/(n1p + nop) > 0 and
lim,, 0 mp/pQ/3 < oo. Let X,f denote the centred and scaled value obtained from the logit
transform of the greatest root statistic,

Xp _ Tpak - lupvnlpynQp
E = .

Up:nlp,an

rrklax X —bm,
1<k<m
YP = L

Gumbel(0, 1).

amp p—r00

Before proving the main result, we present a few lemmas. Lemma [l]is the analogue of Theorem
1 of Narayanan and Wells| (2013]).

Lemma 1. Let Z1,7Z,... be a sequence of i.i.d. random wvariables having the Tracy-Widom
distribution arising from a Gaussian orthogonal ensemble (GOE) with cumulative distribution
function Fy as given in ([2.2). Let 2* = sup{z € R|Fi(z) < 1} denote the right end point of F.
Here * = oo. Then for m, — oo as p — oo, we have

max Zy — by,
1<k<m,

Gumbel(0, 1).

amp p—ro0

Proof. We utilize Von Mises’ condition to show the validity of our claim (the reader can refer
to|de Haan and Ferreiral (2006) or Resnick| (2008) for further details). Namely, if

L(Jf) — lim (1 - Fl(SU))F{,(fL‘) _

T—r* F{(x)Q _17 (33)

then F7 is in the domain of attraction of the Gumbel distribution. As a reminder, here x* = co.
To simplify calculations, we obtain the following from [Tracy and Widom| (2008)

B(z) = exp <—; /:O q(s)d5>  P(x) = exp <—; /:O(s - m)qQ(s)d.S) .

Observe that Fi(x) = F(x)E(z) and FQ(:U) F?(x) and it can be easily seen that

E(x) /‘X’q

E'() = =52 q(),



Therefore F{(z) = Fi(z)Ry(z) where Ry(z) = § [q(z) + [° ¢*(s)ds].

[ =FR@]F(x) 1-Fl(z) 1-F(z)R(2)

L(x) = = ]
T R TR B
We are interested in finding le L(z). From section 1.1.1 of|Tracy and Widom| (2008)) it follows
that
67%13/2 67%13/2 6_2363/2 .
Bi@) =1 = i 30m032 ~ Tassa/zgona <1+O(w 2)>'

There is a typographical error in|Tracy and Widom| (2008) in their expression for this expansion,
there should be 23/ in the denominator. If we take this in account, we can write

o~ 2a%/?
1—Fi(x) ~ N (3.4)
From Bassom et al.|(1998)) and lemma 3 of |Narayanan and Wells| (2013]) we get,
—2,3/2 _4,3/2
1 0o ) e 3% 3 e 3% 3
which yields the following asymptotic expression for Ry (z):
R e s 3.5
1(x) ~ W- (35)
Again using the asymptotic expansion from Bassom et al.| (1998)) we get
_2.3/2 _4.3/2
1, 2 zl/te3® _s3 e 3" _3
This yields
1‘1/46_%$3/2
Ri(z) ~ - —r—— 3.6
(@)~ T (36)
Since Fi(z) is a cdf, Fi(z) ~ 1 as z — o0, so
- R R
Fi(z) Ri(x)
as © — 0o. Thus lim L(x) = —1 which establishes that the maximum of an i.i.d. sequence of
T—00
Tracy-Widom distribution from GOE is in the Gumbel domain of attraction
FGumbel(O,l) (x) = eXp(_ei‘T)'
Therefore, for the normalizing constants we defined, we have
max Z — by,
k P
1=hsm Gumbel(0, 1)
A, p—00
as desired. ]



Lemma 2. We have

4 3 3 s m? 3 5 m?
o B —1/3 (M~ o2 2/3 (M7
o [a] [3] o  (55) o [3] o (557)

as m — 00. Then for m — oo and fized y € R one has lim a,, =0 and lim b, = cc.
m—0o0 m—0oQ

Proof. As stated earlier b,, = U(m) where U(m) is the left continuous inverse of 1/(1 — F}).
Thus using (3.4]) we can write

1

T T T R

~ h(bp) = 473 exp (gbf;f) .

Let g(z) = log h(e®) = log(4y/7) + 32 + 2 exp (3z). For any y € R,

dg—'(y)| _
dy

<

QO o~

1 1
g’(gl(y))‘ -
Then, by the mean value theorem
‘log hil(m) — log bm‘ = ‘gil(log m) — gil o g(log bm){
= |9~ (logm) — g~" (log h(bm))]

4 x [e.e]
< 5 [log(m) —logh(bm)| 7200

Therefore

2/3 2 2/3
Ay = B (7 3 10 (1
bm ~ (m)_[4W 127 1198\ 127 ’
3/2

where W is the Lambert W function. Second, defining d,,, = exp(bn,~), we also have

1

- ~ h(d,,) = 4v/7 log'/2(d,,)d*/>.
1_ F1(10g2/3 dm) ( ) f g ( ) m

m

Now for §(z) = log h(e*) = log(4y/7)+ 1 log z+ 22, which is invertible as a function [0, 00) — R,

’ dg—(y) ‘ _ _
dy 9'(971(y))

for any y € R. Then, by the mean value theorem

<

[\CR GV

1,2
5T T3

1‘_1

‘10g B_l(m) — log dm‘ = ’g_l(log m) — g ' og(log dm)’
= ’g_l(log m)—g~" (10g B(dm))’

m—ro0

< g ‘log(m) — log ﬁ(dm)‘ 0.

So

= 3 m? m2/12x 1%
o) = =0 (9 (352) )~ ||



Therefore,

1 1 4fb%4 exp( b3/2)
m = mFl'(bm) ~ mFi(by)R1(bm) h m
2\1Y/6 [ m2/120
4\/> |: log (127r)} |:10g m?/12) } N [%] V2 [%] e
10g1/3(m2/127r) ’
as desired. -

We now prove Theorem

Proof. We use (Johnstone| 2008, Theorem 1). The conditions required are that

fi @) gy Py

pP—00 N1p =+ n2p p—0o0 n2p
which are satisfied by the assumptions of the theorem. Then ji; 5, n,, and oy are defined as
in Equation (5) on p. 2641, and so, under the null hypothesis, by (Johnstone, 2008, Theorem

1) with sp = 0 there must be a C' > 0 such that

[P[X} <a] - P2 <4 | < pf/gem

for all x > 0. Second, for any fixed y € R, limp_,oc @m,y + by, = 00 by Lemma [2} so there is
some P(y) > 0 such that for all p > P(y), am,y + bm, > 0. Then, for Z, Zs, ... a sequence of
independent real Tracy-Widom random variables, we have for all p > P(y)

’P[Yp < y] — exp (—e_y) ’

< ‘P[lgrklg;pX < am y—i—bmp] _P[liﬂiﬁpz’“ < ay, y—i—bmp]

—|—'P[ max Zp < am, y—i—bmp} —exp( e_y)

1<k<my
mp |k—1 Mp
Z H P[Zl < ampY + bmp] HP[XIP < ampY + bmp]
k=1 11=1 =k
k Mp
B HP[ZZ < am,Y + bmp] H P[le < am,Y + bmp}

=1 l:k+1

P 7 < b - —e Y
+ | ax 7 A,y + b, | —exp (—e7Y)

< mp‘P[Xf < amyY + bmp] - P[Zl < am,Y + bmp]

p Z < bin, | — —e Y
P 2pax, Ze < amyy o+ b, exp (—eY)

—_— _
< Cp2/p:%6 slonmvting) + ‘P [1533)51,32'“ = dmpY bm”} - (=),



2/3

Thus since lim;,_,o m,/p*/° < 0o and limy, A, Y + b, = 00, using lemma |1f we get

lim [P[Y? <y] —exp (—eY) ’

pP—00
< i [P, s 2 < | e ()
<0.
Since this is true for any y € R, the result follows. O

3.1. Approximate a level test

As a motivating example from multivariate analysis, consider the following hypothesis test-
ing framework to conduct pairwise testing of equality of covariance matrices arising from a
multivariate normal sample. Let

Hop : 11 = 212, Hoo : o1 = X22, ..., Hom : X1 = Ea-

Define the global hypothesis Hy as Ho = (-, Hox. This implies that Hy is true if and only
if each of the component hypothesis Hgx is true. Thus, we accept Hy if and only if every
component hypothesis Hy; is accepted. We can equivalently say that we reject Hg if any
component hypothesis Hyy is rejected.

Let R;, denote the rejection region corresponding to the A*™ hypothesis test, so that R =
UZL:1 Ry, is the rejection region corresponding to Hg. Let npi,nis and Ski, Sk denote the
sample sizes and covariance estimators, respectively, for the k™ hypothesis test, where k =
1,2,...,m. By construction, Sk; and Siy will be independent. If we further assume that
each of the m samples follow a multivariate normal distribution, then under Hy; we would
have Sk ~ Wp(Zg, ng1) and Ska ~ Wp(Eg, ng2), where ¥y is the common covariance matrix
under Hoy. Thus the test statistic for Hoy is 6, which is the largest eigenvalue of (ng1.Sk1 +
nk2Sk2) 1ngaSk2. Then max{fp1,0p2,...,0pm} = G, as m — oo where G, denotes the cdf of
a univariate Gumbel distribution, where we explicitly write the dependence on the dimension
p.

Using this, we can construct an approximate, high-dimensional a-level test for Hy : X1 =
Yok, Yk = 1,...,m using the union-intersection approach. Indeed, we could reject Hy when
max{6p1,0p2,...,0pm} > cq, where

—1
Ca = |:1 + exp <Up7n1p7n2pamp log ( - log[l - a]) - Up7n1p7n2pbmp - /j’panlp7n2p>:| .

This would an approximate a-level test in the sense that for p,/n — (0,00) and m,/ p2/3 —
(0,00),

lim P[Reject Hy| Hp| = a.
pP—00

10



To see this, note that in the notation of Theorem [T}

P[Reject Hy | Hp] =P 1%%?7%,7%’1 > Cq

3

ax logit @ S Ska]l " Ske) —
15135{% g1 p,1([nk1 %1 + k2 Sk k2) Hp,nip,mayp

=P
O-pvnlp/nQp
logit co — tp.n1p,nap
Hy
O-p’nlpynQp
» logit ca — pp.n1pnap
=P| max X > Hy
1<k<my Opnip,nap
logit co, — -0 b
Psn1p,N2 PyN1p,N2pYMm
:P[YP> Mpap  TPIun e 0 | g |
o-pvnlp:n2pa’mp

so according to this same theorem it would hold that

logit co — -0 b
1i_>m P[Reject Ho | Ho] =1 — exp <— exp <— B G~ Prmupny — Op gtz mp))
p—o0

Up,nlp,ngp amp

:O[7

as wanted.

4. Simulation

To explore the finite (m,n,p) behavior of our theoretical domain of attraction results we
carry out two numerical studies in this section. We consider two different large-scale inferential
problems: pairwise testing for equality of covariance matrices and multivariate analysis of
variance. In each simulation setting, we compute the power curves for different dimensions over
one-dimensional spaces of alternatives.

4.1. Equality of Covariance Matrices

The theory behind this test was discussed in Subsection [3.1 We have m independent
population pairs. For the " population pair (k= 1,2,...,m), let k; be the index of the first
population in the k™ pair and ko be the index of the second population in the k™ pair. Let ng;
and nie be the sample sizes of the first and the second population in the k™ pair. Let X1, Zio
be the corresponding covariance matrices for the k' pair.

We simulated two independent p dimensional multivariate normal data sets that form the
two design matrices of dimensions ng; X p and ngs X p respectively. The test statistic to test
the & null hypothesis is the largest eigenvalue Op 1 of (ng1Sk1 + nkoSk2) o Ska where Siq
and Sk are the sample covariance matrix analogues of Y, and Yo respectively.

We considered two different regimes for generating covariance matrix pairs that need to be
tested for equality. In the first regime, for each k = 1,...,m we set ¥y = I, and Yo = vIp,
where I, denotes the p dimensional identity matrix and v € [1,2.5] is a non-negative scalar
giving rise to a one parameter family of alternatives. We then performed 8000 simulations to

11



test for simultaneous equality of m = 500 covariance matrix pairs for each value of v in the
grid. We repeated the exercise for matrix dimensions ranging from p = 10 to 100, while the
sample sizes for each pair were chosen as n; = ny = p/2. We then computed the resulting ap-
proximations to the true power curves. The results for p = 10, 30, 70, 100 are plotted on Figure

o |
—
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g
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Factor y when testing covariances |, against yl,

Figure 2 — Power curves for simultaneous covariance equality tests

Note that when v = 1, both the null and the alternative hypothesis represent the identity
matrix. As can be seen from Figure [2] our approximation does very well in detecting departures
from the null hypothesis even for very small values of p and . The power curve approaches 1
very quickly and gets much sharper even for a moderate values of p and mild increase of v from
1 . This supplements the theoretical asymptotic results rather well.

4.2. MANOVA

Our second set-up involved m independent batches. Within each batch, we had r different
groups each of which contained n i.i.d. samples from a p-dimensional normal distribution. Be-
tween groups of the same batch, we had equal covariances but potentially unequal means.

}/1117"' 7}/1177, NNp(H].lvEl)) lelu"' 7Ym1n NNp(Hl?“uEm)u
}/11“17 T 7}/17“71 ~ Np(,ulla E1)7 Ymrla T 7Ymrn ~ Np(ﬂlr; Em)
Batch 1 Batch m

We wanted to test the global null hypothesis of equality of group means across independent
batches,

H11 = = Mir,
HO: DY

Hm1 = = Umr-

12



It is to be emphasized that each row in the above null hypothesis expression is a p dimensional
vector. For each batch 1 < k < m, we computed the matrices

A=) Vi = Vi) Yati = Yao)s  Br=nY (Vi —Ye) (Vi — V),

=1 i=1 =1
where
1 & 1<
Ykl:nz;yklia Yk:rlz; ki
1= =

That is, for the k*® batch, A; was the within group covariance matrix and B}, was the between
group covariance matrix. Under the null hypothesis, we had Ay ~ W (r(n—1), X)) independent
of By, ~ W,(r —1,%;) so that

61 = M ([A1 + Bi|'B1) ~ 011 (p,r(n — 1),r — 1)

O = M ([Am + B ' Bpn) ~ O 1 (p,7(n — 1),7 — 1)

where p refers to the dimension, r(n — 1) refers to the “error” degrees of freedom and r — 1 is
the “hypothesis” degrees of freedom for each batch. Furthermore, 61, ...,0,, were independent
because the batches were independent. Consider the following argument: write n; = r — 1
and ny = r(n — 1), and suppose that for fixed n, p,r,m — oo with lim,_, m/pz/3 < oo and
limy, oo p/r > 0. Then n; and ny — oo and

. min(p,ng . r P00
lim y = lim T = > 0.
P=o0 Ny —+ no p—00 n — - n

min <€’1_l) min< lim g,l)

Then, according to Theorem (I, we would find that

max logit (Gk) — Hpr—1,r(n—1) = OmTp r—1 r(n-1)
5 _ 1<ksm P Gumbel(0, 1),

AmOpr—1,r(n—1) p—o0

where a,,, by, are defined as Equation (3.1]). Hence, an approximate a-test for testing Hy could

be given by rejecting when Z > F(;}mbel(ﬂ 1)(1 — ). As an aside, in some situations it could be

convenient to work with the following reparametrization outlined in Mardia et al.| (1979):
D
0k71(p,7"(n— 1),r— 1) = 0;971(7" —Lrln—=1)4+r—-1 —p,p)

Zz)ek’l(rfl,rnflfp,p).

It can be easily shown that the asymptotic regime and hence the simulation results are invariant
under the above reparametrization.

Now in order to generate the power curves for our hypothesis testing framework, we tested
against the one-parameter family of alternatives

13
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for v € [0,1]. We performed 8000 simulation runs for each p, 7,7 combination. This was done
p ranging from p = 10 to p = 100, and for each such choice of p we set r = 2p. We then
computed approximations to the true power curves based on these simulations. The results for
p = 10,30, 70,100 are plotted on Figure

o ]
—
®
g
©
S
[}
=
o
S
o
N p:100
o p=70
p=30
o p=10
S A

I I I I I
0.00 0.05 0.10 0.15 0.20

Factor y when testing means (1,...,1) against (1",...,r")

Figure 3 — Power curves for simultaneous MANOVA tests

Note that when v = 0, the alternate hypothesis and the null hypothesis coincided. Just like
in the first simulation setting, the results are good even for small to moderate values of p and
for very mild departures from the null hypothesis, as evidenced by small positive values of ~
yielding power close to 1. Further, as expected, the power curves even steeper as the problem
dimension increases from p = 10 to p = 100. This is in agreement with our theoretical findings.

5. Discussion

The greatest root statistic arises as the test statistic in several multivariate statistical anal-
ysis settings. We explored the problem of several independent multivariate analysis testing
problems when each hypothesis instance is the greatest root statistic. It is not difficult to
fathom casting batch MANOVA or batch pairwise testing for equality of covariance matrices in
our hypothesis testing framework. In this article we prove that the maximal domain of attrac-
tion of an i.i.d. sequence of greatest root statistics arising out of such batch testing settings is
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the Gumbel distribution. We present the efficacy of the asymptotic results through two canon-
ical multivariate analysis techniques.

The results in this article are quite general and can, in principle, be applied to any situation
where several independent instances of the greatest root statistics are employed as the test
statistic. In particular, one can recast the underlying model in this article as array data where
the m dimension represents the various faces of the arrays. Array variate random variables are
mainly useful for multiply labeled random variables that can naturally be arranged in array
form. Some examples include response from multi-factor experiments, two-three dimensional
image and video data, spatial-temporal data, repeated measures data. The methods of this
article can be used to test homogeneity across the faces of the array.
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